Abstract A phase separation driven by the negative compressibility of the electron gas, near electronic topological transitions (ETT), could drive the system at the verge of a catastrophe. We show here that the metastable phases very close to the ETT transition are observed in a mesoscopic phase separation (MePhS) driven by the quenched lattice disorder. By using high resolution synchrotron radiation x-ray powder diffraction we have identified the MePhS for the intermetallic ternary Mg 1−x Al x B 2 in the proximity of two ETTs: the first at x 1 = 0.1 and the second at x 2 = 0.3. We have identified the competition between a first 'relaxed' (R) hole poor and a second 'tense' (T) hole rich phase, and by micro-Raman we observe the splitting of the in-plane phonon E 2g mode in the proximity of the first ETT at x = 0.1. The anisotropic quenched disorder due to a random distribution of Al 3+ and Mg 2+ ions both in the axial (c axis) direction and planar (ab plane) direction, probed by x-ray diffraction and Raman data, is proposed to be the physical variable that allows the formation of metastable phases near the critical points of electronic topological transitions, where Feshbach shape resonances in interband pairing amplifies the superconducting critical temperature.
Introduction
There are growing efforts to control mesoscopic phase separation (MePhS) for the development of novel functional complex materials with unique properties. Experimental evidence is accumulating that the emergence of unique highly correlated electronic phases, such as high T c superconductivity, in intermetallics [1] or cuprates [2] [3] [4] , and colossal magnetoresistance in manganites [5] [6] [7] [8] occur in particular metastable phases reached by driving the material at the edge of a catastrophe. This criticality is reached by tuning a physical variable, such as pressure or charge density, in the proximity of a quantum critical point [9] where several charge, spin, orbital and lattice ordered phases compete, so that in this regime MePhS could show up. In cuprates the quantum criticality is reached by driving a correlated metallic phase (a doped charge transfer Mott insulator) at the edge of an insulating Wigner polaron crystal by changing the chemical pressure [10, 11] , involving multi scale phase separation at critical points of structural phase transitions in perovskites [2, 12] .
A particular class of quantum phase transitions can be reached by tuning the chemical potential near critical points of the electronic structure that are called electronic topological transitions (ETT) or Lifshitz transitions [14] . At the ETT a phase separation, due to negative compressibility of the electron gas, and the lattice instabilities due to large phonon softening, called Kohn anomalies, could appear [15] . Near these critical points several phases compete and dynamical quantum fluctuations related to the uncertainty principle can give novel quantum phases [9] .
Particular types of ETTs can be realized in materials with particular atomic architectures. For example in a simple two-dimensional (2D) metallic membrane of finite nanoscale thickness N (made of one or few atomic layers), the quantum size effects give a multiband electronic structure made of subbands with different parity determined by the quantization in the thickness direction. Here the tuning of the chemical potential at an ETT (for example at the bottom of a subband) can be done by changing the thickness of the membrane [16] . A second example of material architecture is a three-dimensional (3D) heterostructure at the atomic limit made of a superlattice of first metallic units intercalated by second units with a different electronic structure [17] [18] [19] . Its multiband electronic structure shows different the subbands and ETT of the type 'opening of a neck' in only one of the multiple Fermi surfaces [19] [20] [21] [22] [23] [24] [25] . The chemical potential can be tuned near an ETT by changing the architecture, the pressure, or charge density.
The superconducting phase in these heterostructures at the atomic limit is described by the BCS theory of multiband systems; for the case of overlapping bands with no hybridization, i.e., spatially separated and with different symmetry, that gives different order parameters (superconducting gaps) in each subband that coexist and form a single macroscopic condensate with a single critical temperature [17] [18] [19] [20] [21] [22] [23] [24] [25] . Kondo first pointed out that in multiband superconductivity the interband exchange-like coupling term, that allows the pair exchange between subbands with different gaps, also gives an increase of the critical temperature if it is due to the Coulomb repulsion [26] .
Driving the chemical potential very close to one of the ETTs of these heterostructures at the atomic limit the quantum interference between pairing processes shows a resonance called 'shape resonance' [16] [17] [18] [19] [20] [21] [22] that is similar to the Feshbach resonance in the many body theory of nuclear and atomic physics [27] . It has also been called a Feshbach shape resonance [23] [24] [25] . The high superconducting critical temperature in cuprates [28] [29] [30] [31] [32] [33] and diborides [33] [34] [35] has been assigned to these resonances.
The key open problem that we want to discuss in this work is that these shape resonances occur in the proximity of the ETT where the crystal is usually unstable being on the verge of a lattice catastrophe. For example it is well known that the lattice of intercalated graphite compounds (IGC) [33] is unstable if the chemical potential is pushed below the top the σ band, therefore there are no IGC materials with holes in the σ band and shape resonance at the ETT could not be reached.
The diboride XB 2 crystals (X = Al, Sc, Ti, Nb, Zr, . . .) with hexagonal structure (space group P6/mmm) are formed by a heterostructure at the atomic limit made of boron graphene metallic layers intercalated by hcp hexagonal X atomic layers (playing the role of spacers). They have an electronic structure similar to an intercalated graphite compound, where the chemical potential is above the top of the σ band. MgB 2 is a unique diboride, where the chemical potential has been moved below the top of the σ band [36, 37] . By changing the charge density [34] or pressure [38] several ETT in the σ band can be approached. In fact MgB 2 is in the proximity of an ETT of the type 'disruption of a neck' where the critical temperature is amplified by the shape resonance, giving a relevant interband coupling term [39] that drives the superconducting critical temperature to 40 K, the highest critical temperature between known intermetallics, in agreement with the predictions in [17] [18] [19] .
In [64] [65] [66] by changing x we are tuning:
• the charge transfer Q = 3x + 2(1 − x), from the boron layers to the X hcp layers; • the superlattice period i.e., the spacing between the boron layers; • the chemical pressure on the boron layer due to the lattice mismatch between the boron and the hcp X layers, controlled by the average ionic radius in the Al/Mg layer, that induces a tensile (compressive) microstrain of the boron (hcp X) monolayers; • the quenched disorder due to the different ionic radii of Mg 2+ and Al 3+ ions randomly distributed in the hcp intercalated layers.
Mg 1−x Al x B 2 in the range 0 < x < 0.57, is a clear multiband and multigap ( σ , π ) superconductor [43] [44] [45] [46] where the critical temperature is controlled by tuning the position of the chemical potential relative to the critical points of the electronic topological transitions. The σ band is fully occupied in the non-superconducting diboride AlB 2 where only the π band crosses the Fermi level as in intercalated graphite. Replacing aluminum with magnesium injects holes in the boron layers and it moves the chemical potential across the top of the σ band at E F = E A , in fact at x = 0.57 a 'new detached spot' due to the 3D σ Fermi surface appears, called a type (I) ETT in [23] [24] [25] . At x = 0.3, E F = E , a type (II) [23] [24] [25] Lifshitz electronic topological transition with the 'disruption of a neck' appears in the corrugated tubular σ Fermi surface. A third, ETT occurs at x = 0.1 where the topology of one of the two π bands changes from a 3D open to a 3D closed Fermi surface with the 'disruption of a neck' as shown in figure 1 .
Structural instabilities are expected by tuning the chemical potential near the critical points of the electronic structure since the compressibility of the electron gas becomes negative and phase separation becomes possible in the presence of inhomogeneities. Therefore the presence of quenched disorder in the critical regions can give rise to striking phenomena. The atomic scale local inhomogeneity in these ternary diborides is due to the out-of-plane disorder expected to produce a randomness in potential energy and electron number that randomly moves the chemical potential above or below the ETT critical points. Therefore the out-of-plane disorder plays a key role in controlling the nanoscale phase separation and could be either positive or negative for high T c superconductivity.
In Mg 1−x Al x B 2 the large difference between the ionic radii of Al 3+ and Mg 2+ give a disorder that is large enough to allow a nanoscale phase separation with metastable phases close to the ETT. It is therefore relevant to compare this system with Mg 1−x Sc x B 2 [64] [65] [66] , where the amplitude of the quenched disorder is much less since the ionic radii of Mg and Sc are very similar. A multiphase behavior has already been reported for Mg 1−x Al x B 2 around 0.1 < x < 0.2 [62] and in Mg 1−x Sc x B 2 for x < 0.12 [64] .
In this paper, we report a detailed study of the lattice structure of the system Mg 1−x Al x B 2 , going from MgB 2 to AlB 2 through changing the Al content, by high resolution xray powder diffraction using synchrotron radiation and microRaman spectroscopy in order to study the mesoscopic phase separation.
Experimental methods
We have synthesized many polycrystalline samples of Mg 1−x Al 10 x B 2 (with the boron pure isotope 10 B) in a wide range of concentration (0 < x < 0.57) by direct reaction of the elemental magnesium, aluminum, and boron (99% purity). The starting material powders (325 mesh) were mixed in the stoichiometric ratio and pressed into a pellet. The pellet was enclosed in tantalum crucible and sealed by arc welding under an argon atmosphere into the glove box where humidity and oxygen levels were continuously monitored so that [H 2 O] < 0.1 ppm and [O 2 ] < 1 ppm. The arc welding was localized on the top of the crucible and the sample was not exposed to high temperature during the welding process. The arc sealing of the crucibles does not allow Mg and Al to diffuse out of the crucible during the reaction. The Ta crucibles enclosed in a glass ampoule filled with argon were then heated for 1 h at 800
• C and 2 h at 950
• C in the oven and then cooled rapidly to room temperature.
In order to check the mixing process resulting from the same starting powder mixture, three different pellets with the same nominal Al concentration were prepared. Several different pieces taken from the top, the bottom, the inner and the outer part of the same pellet were analyzed to look for any Al gradient or extrinsic inhomogeneity.
The characterization of the samples was done using a scanning electron microscope (SEM) LEO1450VP (Assing) equipped for the energy dispersion spectroscopy (EDS) with an INCA300. A representative SEM micrograph on the sample with x = 0.28 is shown in figure 2 , where it is possible to see a typical well faceted hexagonal microcrystal of about 1-2 μm that is the basic component of our powder samples. These microcrystals are observed in all samples with different Al content.
The phase purity of the samples was checked by electron dispersion spectroscopy (EDS). The actual Al content was checked with at least 20 different measurements on different grains of each sample. The results show that the actual Al/Mg ratio in each crystal is very close to the nominal content within the experimental error.
The diffraction experiment was carried out at the high resolution powder diffraction beam line ID31 of the European Synchrotron Radiation Facility (ESRF) in Grenoble. The samples were reduced to a fine dust using a pestle and a mortar and sealed in 1.0 mm diameter capillaries made of a glass (glass no. 5), whose contribution to the profile background (i.e. Compton incoherent scattering) is very low. The diffraction profiles, using an incident x-ray wavelength λ = 0.500 15Å and nine Si(111) analyzer crystals, were collected as a function of 2 , where is the Bragg angle, in order to get the range of the momentum transfer 1Å −1 < q < 9Å −1 . About 150 high resolution diffraction profiles were collected at room temperature. The diffraction patterns were analyzed by Rietveld refinement using the GSAS program (General Structural Analysis Software). The reflections are indexed according to the hexagonal P6/mmm structure. No trace of MgB 4 or MgB 7 were found although a very small impurity peak due to MgO was found in a few samples. The high quality powder diffraction data show a small instrumental contribution to the diffraction line width due to the highly parallel beam optics geometry at the ID31.
As Rietveld fits need a starting model, a preliminary study of the raw data was made in order to make a correct fit. This study was performed on the (002) (i.e. the c-axis) and (110) (i.e. the a-axis) diffraction lines.
The Raman spectra were measured at NTUA in Athens in the back-scattering geometry, using a T64000 Jobin-Yvon triple spectrometer with a charge-coupled device camera. The range of Raman shift explored was between 50 and 1200 cm −1 . The 488.0 and 531.1 nm laser line was focused on 1-2 μm large crystallites and the power was kept below 0.1 mW to avoid heating by the beam. Several measurements on several single micro-crystallites were performed for each sample.
Results and discussion

High resolution powder diffraction
The general behavior of the structure of the Mg 1−x Al x B 2 samples as a function of Al content can be seen in figure 3 , where we report the (002) and (110) XRD reflections, representing the inter-plane and intra-plane evolution, as a function of the momentum transfer q = 4π sin θ/λ. The (002) and the (110) reflection peaks shift to high q values with the Al content but the variation is much larger along the c direction than in the ab plane, due to the difference in bond strengths: the covalent B-B bonds in the basal plane are stronger than the Mg-B ionic bonds. Both the (002) and (110) reflections broaden with an increase of the Al content due to the quenched disorder for the different Mg and Al ionic radii. The (002) reflection peak splits for x > 0.075 so that between 7.5% and 28% of Al content the system shows a clear phase separation along the c axis that evolves as a function of x in agreement with the results obtained by Slusky et al [62] .
The profiles of the (002) x-ray reflection in figure 3 shows the following features:
(i) at x = 1, AlB 2 , the profile of the (002) reflection is sharper than for x = 0, MgB 2 . Therefore the line width of the x = 0 samples show a relevant disorder assigned to magnesium vacancies that rapidly disappear with finite Al content; (ii) in the range 0 < x < 0.07 the profile of the (002) reflection becomes wider with increasing Al content indicating increasing disorder due to the different ionic radii of Al and Mg, but there is no second well resolved peak; (iii) in the range 0.07 x < 0.3 two peaks are well resolved indicating two different phases: the first one with a shorter c-axis, called 'relaxed' phase (R) and a second phase with longer c axis called 'tense' phase (T), the two phases have nearly the same weight for x = 0.10; (iv) by increasing x the profile of the (002) reflection of the R (T) phase gets sharper and stronger (broader and weaker) so that for x > 0.3 the probability of the phase with longer c axis becomes negligible; (v) while the peak of the 'tense' phase shows a nearly linear shift with Al content (Vegard law) the peak of the 'relaxed' phase shows a large deviation from the Vegard law.
The profiles of the (110) x-ray reflection in figure 3 show the following features:
(i) in the range 0 < x < 0.25 the profile of the (110) reflection becomes wider with increasing Al content indicating increasing disorder due to the different ionic radii of Al and Mg, but there is no second well resolved peak; (ii) in the range 0.2 < x < 0.5 two peaks are well resolved indicating two different phases the first one with a shorter a-axis, called 'relaxed' phase (R) and a second phase with longer a axis called 'tense' phase (T), the two phases have nearly the same weight for x = 0.30; (iii) while the peak of the 'relaxed' phase shows a nearly linear shift with Al content (Vegard law) the peak of the 'tense' phase shows a large deviation from the Vegard law.
The crystalline structure was extracted by Rietveld analysis of the XRD data. A single phase model was used for the low Al content (0 < x < 0.05) and for the high Al content (x 0.54) while a two phase model was used in the range 0.05 x < 0.54.
In figure 4 the deviation of the a-axis and the c-axis of the two phases (labeled R for the 'relaxed' phase and T for the 'tense' phase) as a function of the Al content x are plotted. The contraction of the lattice parameters for a random solid solution are expected to follow the average ionic radius r (x) = 160 − 17x pm (in fact r (Mg +2 ) = 160 pm and r (Al +3 ) = 143 pm). The Vegard law for the a-axis is given by a(x) = 3.085 09-0.078 62x and for the c axis by c(x) = 3.525 613-0.271 553x.
The a-axis (c-axis) lattice parameter of the 'relaxed' ('tense') phase are close to the linear Vegard law but show a nonlinear variation with x. The c-axis (a-axis) lattice parameter of the 'relaxed' ('tense') phase show strong deviations from the linear Vegard law with variable x. The large deviations from the Vegard law show that the atomic substitutions induce an anisotropic chemical pressure that is nonlinearly dependent on the average ionic size.
In figure 5 the splitting between the two phases along the c-axis ( c) and the a-axis ( a) is plotted versus x. The splitting of the c-axis shows a rapid increase around x = 0.10, i.e. at the 'disruption of a neck' in the π-band here called ETT 1 , shown in figure 1. The splitting of the a-axis is observed at x = 0.30 where the 2D/3D ETT 2 i.e., the 'disruption of a neck' in the σ -band shown in figure 1 is expected. Therefore these results show that the phase separation in the proximity of the 'disruption of a neck' in the π-band (σ -band) at ETT 1 (at ETT 2 ) gives a 'relaxed' phase (R) and a 'tense' phase (T) characterized by a short and a long c-axis (a-axis). From the difference between the unit cell volume of the 'relaxed' and 'tense' phase it is possible to measure the effective variation x of Al content x between the two phases reported in panel (c) of figure 5, which is a measure of the difference between the two phases of the charge transfer from the boron to the (Mg/Al) layer.
The two phases can be characterized by the plot of the ratio c/a as a function of the normalized unit cell volume shown in figure 6 . The ratio c/a is an important physical parameter related to the chemical anisotropic pressure due to the internal mismatch between the boron layers and the (Mg/Al) layers. In fact the tensile microstrain in the boron layer and the opposite compressive microstrain in the Al/Mg layer can be estimated by considering that where c/a is 1.075, the two lattices are well tuned, and therefore the microstrain is zero. The tensile microstrain can be defined as η = (0.93c/a − 1) and it is shown on the scale at the left side of figure 6 . The effective Al content x, measuring the charge transfer, extracted from the measure of the volume of the unit cell in each phase is shown in the x axis in the upper part of figure 6 . The results show that the 'tense' phase (with a larger c/a ratio or larger tensile microstrain) has more holes per boron ion (hole rich) than the 'relaxed' phase (hole poor). The effective aluminum concentration x in the 'tense' phase is always larger than 0.5. Therefore in the samples with the aluminum content x larger than 0.5, the phase separation occurs between two phases with effective Al content larger ('tense') or smaller ('relaxed') than 0.5.
In figure 7 the relative weight of the 'tense' phases extracted by Rietveld analysis is plotted as a function of x. The data show that at the two onsets of the phase separation, x 1 ≈ 0.1 and x 2 ≈ 0.3, the two competing phases R and T have nearly equivalent probability and beyond this point the relative weight of the 'tense' phase decreases rapidly. With increasing Al content x the system becomes disordered due to the variance of the ionic radii of Al and Mg ions which is expected to induce a disorder due to a tensile expansion in the domains around the large Mg ions and the compression or relaxation in the domains around Al ions. Diborides are layered materials where the layers can be pulled apart without much effort but the layers themselves are quite hard, therefore the local lattice strain is also expected to be anisotropic. The broadening is expected to be larger in the squishy direction (c-axis) and smaller in the layer direction. The quantitative measure of the anisotropic lattice disorder has been extracted by Rietveld analysis of the XRD data giving the strain variance defined as [67] :
that for the case of the hexagonal lattice 6/mmm is given by:
The values S 400 and S 004 are reported in figure 8 as a function of Al content for the first 'relaxed' (R) phase and the second 'tense' (T) phase. The disorder rapidly increases in the c-axis direction (more than in the a-axis direction) where S 004 reaches 15% at the small Al content x of about 0.07 where we observe the onset of phase separation between the 'tense' and the 'relaxed' phase. The disorder continues to increase with Al content reaching saturation at x = 0.4 in the 'tense' phase as expected. On the contrary the disorder in the 'relaxed' phase R decreases with increasing Al content beyond the critical point for the phase separation recovering the low disorder as in magnesium diboride at x = 0.5. The disorder in the boron plane direction, measured by S 400 , continues to increase up to x = 0.3 where the second phase separation between the in-plane 'tense' and the in-plane 'relaxed' phase occurs. Beyond the critical point for the phase separation the disorder of the 'relaxed' phase decreases from x = 0.3 to 0.5. These results show that the phase separation at the critical points, x 1 ≈ 0.1 and x 2 ≈ 0.3, occurs between two phases with a large local lattice distortion. By comparing the phase separation in samples with Al substitutions with the similar case of Sc substitutions [64] [65] [66] , we can conclude that, in Al doped samples we can drive the system very close to the ETT critical points because of local disorder that allows the mesoscopic phase separation, while in the Sc doped materials with lower disorder the system shows the macroscopic phase separation.
The mesoscopic phase separation in our samples can be quantified by extracting the size of the crystalline ordered domains for the 'tense' and the 'relaxed' phases that are plotted in figure 9 . The effective crystalline domain size of the T and R phase is much smaller than the size of our microcrystals, showing that the mesoscopic phase separation occurs within the same microcrystal. The domain size is clearly smaller in the c axis than in the a-axis direction, and much smaller for the 'tense' phase where it reaches the mesoscopic domain size of 20 nm in the planar direction and 5 nm in the c-axis direction.
Micro-Raman spectroscopy
In the simple hexagonal structure of Mg 1−x Al x B 2 four zonecenter optical modes are expected: the E 2g Raman active mode, the Raman silent B 1g mode and the infrared active E 1u and A 2u modes. The doubly degenerate E 2g modes are due to in-plane stretching modes of the boron atoms, the Mg and B planes vibrate in opposite directions along the x (or y) axis in the E 1u mode, and the A 2u and B 1g singly degenerate modes involve vibrations along the c axis. In the B 1g mode the boron atoms move in opposite directions while the Mg is stationary, in the A 2u mode the Mg and B planes move in opposite directions along c. An analysis of phonon dispersion in MgB 2 reveals the following energies for the modes.
The micro-Raman spectra after background subtraction are reported in figure 10 for the samples with Al content 0 < x < 0.57. The A 2u and E 1u phonon modes are weak and show only negligible shift with Al content.
The in-plane boron vibration with E 2g symmetry can be easily identified the Raman spectrum of AlB 2 where it is a single dominant narrow peak. In the data we can easily identify the forbidden B 1g phonon mode activated by the lattice disorder that evolves as a function of Al content in Mg 1−x Al x B 2 , reaching a maximum at about 30% aluminum content in good agreement with previous Raman studies [48, 50] on this ternary system.
The analysis of the Raman spectra was performed by fitting the E 2g and B 1g phonon modes as a function of Al content with a three Gaussian curves model. In figure 11 we report the evolution of the best-fit values of frequency and the full width of the Raman signals.
The B 1g does not change abruptly as a function of x, its frequency reported in figure 11 panel (a) increases almost The E 2g phonon mode undergoes a substantial variation in terms of frequency and width as a function of Al content. The high statistics and resolution allows us to detect the splitting of the E 2g phonon mode into soft and hard components between 6% and 28% of Al content. The frequencies of the two E 2g phonon modes are reported in figure 11 panel (a) and their full width in panel (b). The relative intensity of the two modes is plotted in panel (a) of figure 12 . In the range 6 < x < 0.3 both the two E 2g contributions are wide.
There is a clear agreement between the results obtained by high resolution x-ray diffraction and by micro-Raman measurements. First of all, both from Raman and XRD measurements, it is evident that the chemical substitution increases the structural disorder in the system, with a maximum around x = 0.30. In fact, the lattice strain due to the variance between the Al-Mg atomic radii shows a maximum around 30% of Al content and at the same time, the intensity of the silent B 1g mode, activated by disorder, increases with increasing Al content up to 30% and then decreases again.
The energy asymmetry in the E 2g mode detectable for x > 0.28 could be associated with the lattice in-plane phase separation observed by x-ray diffraction. The E 2g phonon splitting agrees well with the results of Goncharov et al [38] since the chemical pressure varied by changing the Al content is an anisotropic pressure. In fact the results in [38] reported the variation of the Raman spectra and x-ray diffraction applying an hydrostatic and a non-hydrostatic pressure on MgB 2 . They found a splitting of the Raman spectra and, at the same time, a splitting of the (002) reflection peak using anisotropic pressure which did not occur when applying an isotropic pressure.
Conclusions
In conclusion we have investigated the phase separation in the ternary superconducting Mg 1−x Al x B 2 system near the critical points of the electronic structure by high resolution x-ray powder diffraction and micro-Raman measurements.
Between x = 0.06 and 0.28 we detect a splitting in the (002) reflection peak, while the splitting of the (110) reflection is not resolvable. In the same range of concentrations the contribution to the Raman spectra of the E 2g mode splits. This first phase separation occurs around 10% of Al content where a π band changes topology. We found that this phase separation is related to the anisotropic pressure due to the chemical substitution and quenched lattice disorder.
A second phase separation occurs after 28% of Al content, near the II type ETT, where the phase separation involves only the in-plane direction and results in anisotropy of the E 2g Raman peak.
We have obtained indications that electronic topological transitions could drive the system at the verge of a catastrophe, where structural, electronic and phonon properties change dramatically. Here the mesoscopic phase separation occurs, as in highly correlated electronic systems, near the critical point of the electronic structure and the quenched disorder plays a key role near a bicritical region [6] . In fact we have shown that at a random potential related to the quenched disorder the two phases, R and T, coexist at various length scales. Therefore the phase separation that also occurs in this system could be explained in terms of the critical points of the electronic structure.
